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DUALITY AND (q-)MULTIPLE ZETA VALUES
KURUSCH EBRAHIMI-FARD, DOMINIQUE MANCHON, AND JOHANNES SINGER
Abstract. Following Bachmann’s recent work on bi-brackets and multiple Eisenstein series, Zudilin introduced the
notion of multiple q-zeta brackets, which provides a q-analog of multiple zeta values possessing both shuffle as well as
quasi-shuffle relations. The corresponding products are related in terms of duality. In this work we study Zudilin’s
duality construction in the context of classical multiple zeta values as well as various q-analogs of multiple zeta values.
Regarding the former we identify the derivation relation of order two with a Hoffman–Ohno type relation. Then we
describe relations between the Ohno–Okuda–Zudilin q-multiple zeta values and the Schlesinger–Zudilin q-multiple
zeta values.
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1. Introduction
Multiple zeta values (MZVs) are nested sums of depth n P N and weight
řn
i“1 ki ą n, for positive integers
k1 ą 1, ki ą 0, i “ 2, . . . , n
ζpk1, . . . , knq :“
ÿ
m1ą¨¨¨ąmną0
1
mk11 ¨ ¨ ¨m
kn
n
.(1)
They arise in various contexts, e.g., number theory, algebraic geometry, algebra, as well as knot theory. The origins
of the modern systematic treatment of MZVs can be traced to [7, 26, 8]. Moreover, MZVs and their generalisations,
i.e., multiple polylogarithms, play an important role in quantum field theory [3].
It is well-known that the nested sums in (1) can also be written as iterated Chen integrals, which induces shuffle
relations among MZVs thanks to integration by parts. Multiplying MZVs directly, on the other hand, yields quasi-
shuffle relations. Comparison of the different products results in a large collection of so-called double shuffle relations
among MZVs [11, 29, 9, 25]. Amending a regularization procedure with respect to the formally defined single zeta
value t :“ ζp1q leads to regularized double shuffle relations, which conjecturally give all linear relations among MZVs
[13].
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A particular change of variables in the context of the integral representation of MZVs gives way to a peculiar set
of relations subsumed under the notion of duality for MZVs. As an example we state the identity
ζp5, 1q “ ζp3, 1, 1, 1q.
A precise understanding of the mathematical relation between the notion of duality and the aforementioned double
shuffle structure is part of a class of important open problems in the theory of MZVs. See [13] for details.
Generalizations of the real-valued nested sums in (1) to power series in Qrrqss are commonly known as q-analogues
of MZVs. A particular example of such q-MZVs is due to Bradley and Zhao [2, 27], who extended a q-analog of the
Riemann zeta function introduced by Kaneko et al. [15]. More recently, several q-analogues of MZVs were shown to
satisfy – regularized – double shuffle relations [5, 22, 21, 23]. The notion of duality in the context of those q-MZVs
is more complicated. See [28] for details. Inspired by Bachmann’s intriguing work [1], Zudilin presents in [30] a
particular model called multiple q-zeta brackets, which possesses a natural quasi-shuffle product. After multiplying
Zudilin’s multiple q-zeta brackets with a certain positive integer power of 1 ´ q one obtains ordinary MZVs in the
classical limit qÑ1. The key result in [30] is an algebraic duality-type construction that permits to deduce a shuffle
product for multiple q-zeta brackets from the quasi-shuffle product of the model. This fact was shown by Bachmann
to hold in depth one and two [1]. In a nutshell, this construction works as follows: Let pA,mq be an algebra, and
ζ : pA,mq Ñ k is a multiplicative linear map from A into the ring k. The map τ : A Ñ A is a particular involution,
i.e., τ ˝τ “ Id. Both maps ζ and τ are compatible in the sense that ζ ˝τ “ ζ. Then the dual product m˝ : AbA Ñ A
corresponding to the original product m on A is defined by
m˝ :“ τ ˝m ˝ pτ b τq.(2)
It turns out that ζ : pA,m˝q Ñ k is again a multiplicative linear map into k. In the case of multiple q-zeta brackets
Zudilin proved that if pA,mq is the quasi-shuffle algebra induced by a sum representation of his model, then the dual
product m˝ yields a shuffle product on multiple q-zeta brackets. The reason for calling it shuffle product comes from
the surprising fact that, in the limit q Ò 1, the product m˝ reduces to the usual shuffle product of classical MZVs.
The aim of our work is to explore Zudilin’s construction in the context of other q-analogues of MZVs as well as
classical MZVs. To this end we start by extending (2) to general Hopf algebras (Proposition 3.1). The result of
this exercise is then applied in different settings. Firstly, we consider classical MZVs. Note that Zudilin already
remarked that in this case the product dual to the quasi-shuffle product does not coincide with the shuffle product
for MZVs. However, we show how to relate Zudilin’s dual product via the construction of a Hoffman– Ohno relation
to a derivation relation for MZVs (Theorem 4.4).
Secondly, we study Zudilin’s duality construction in the context of the Schlesinger–Zudilin (SZ) model of q-MZVs
(see (7) below) using a notion of duality given by Zhao in [28]. The specific property of the SZ model is that its
quasi-shuffle product is of the same form as that of usual MZVs. Furthermore, we note that a shuffle product for
(7) has already been constructed by the third author in [21] using Rota–Baxter operators, and the resulting double
shuffle picture for those q-MZVs is well-understood. Our study shows that, analogous to the case of multiple q-zeta
brackets, the quasi-shuffle product and the shuffle product for Schlesinger–Zudilin q-MZVs are related through duality
(Theorem 5.4).
Our main application of Zudilin’s duality construction takes place in the context of the Ohno–Okuda–Zudilin
(OOZ) q-model for MZVs (see (10) below). Both the quasi-shuffle-like product as well as the shuffle product were
explored by Castillo Medina et al. in [4, 5]. Note that the former is more involved than that of usual MZVs (see
Subsection 6.2). We also remark that this model can be defined for any integer argument since the q-parameter
provides an appropriate regularization [6]. Whereas for classical MZVs as well as for Schlesinger–Zudilin q-MZVs
the duality relation is of the form ζ ˝ τ “ ζ, the situation in the case of OOZ q-MZVs is different. It turns out that
the quasi-shuffle-like product for OOZ q-MZVs is related by duality to the shuffle product for SZ q-multiple zeta star
values (q-MZSVs) (see Theorem 5.12). The algebraic structure of the shuffle product in the OOZ q-model in turn is
induced by the quasi-shuffle product of the SZ q-MZSVs. Applying the duality construction leads again to the shuffle
product presented in [5] (see Theorem 5.12 below) as long as we restrict ourselves to non-negative integer arguments.
In fact, at this stage we are unable to extend the duality construction relating OOZ q-MZVs and SZ q-MZSVs to
negative or mixed sign integer arguments.
The OOZ model is also of interest regarding renormalization of MZVs, in a way that is compatible with the
shuffle product. Indeed, by applying a theorem due to Connes and Kreimer, we renormalize MZVs in [6] preserving
both the shuffle relations as well as meromorphic continuation. In the present paper we construct an infinitesimal
bialgebra, which provides a bialgebra that was originally defined in the context of arbitrary integer arguments. If we
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restrict this construction to non-negative arguments in the context of the quasi-shuffle product, then the coproduct
of convergent words coincides with the coproduct obtained from the duality construction. As a result the left-coideal
of convergent words is transferred to a right-coideal (Theorem 6.3).
The paper is organized as follows. In Section 2, we introduce algebras and subalgebras of noncommutative words
over various alphabets which are relevant for classical multiple zeta values and several of their q-analogues. In Section
3 we detail the structure maps (multiplication, comultiplication, unit, counit, antipode) of a Hopf algebra, which is
obtained by transferring a given Hopf algebra by means of a vector space isomorphism T . As a first application we
address in Section 4 the case of classical MZVs. Section 5 is devoted to the study of Hopf algebras transferred by an
involution, in the context of particular q-analogues of MZVs. Two different involutions τ and rτ are at play, leading
to two distinct families of duality relations (Theorem 5.9), which we express in the Ohno–Okuda–Zudilin model [19].
The family associated with τ leads to the classical family of duality relations in the limit q Ñ 1, whereas the second
family associated with rτ , derived from [28, Theo. 8.3], does not seem to have any classical counterpart.
Acknowledgements: The first author is supported by a Ramo´n y Cajal research grant from the Spanish gov-
ernment. The second and third author would like to thank the ICMAT for its warm hospitality and gratefully
acknowledge support by the Severo Ochoa Excellence Program. The second author is partially supported by Agence
Nationale de la Recherche (projet CARMA).
2. Word-algebraic background
The polynomial algebra in two non-commutative variables p, y is denoted by H :“ Qxp, yy. The unit of Qxp, yy
is denoted by 1. The subalgebra of words not ending in the letter p is denoted by H1 :“ Q1 ‘ Qxp, yyy and
the subalgebra of words not beginning with the letter y is denoted by Hp´1q :“ Q1 ‘ pQxp, yy. The subalgebra
H1 X Hp´1q “ Q1‘ pQxp, yyy of words not beginning with the letter y and not ending in p is denoted by H0. The
subalgebra H1 can be expressed as Qxzk : k P N0y where zk stands for the block p
ky. The subalgebra H0 is linearly
spanned by the words zk1 ¨ ¨ ¨ zkn with k1 ě 1 and kj P N0 for j ě 2.
The polynomial algebra in two non-commutative variables x0, x1 will be denoted by h :“ Qxx0, x1y. The unique
algebra morphism Φ : H Ñ h such that Φppq :“ x0 and Φpyq :“ x1 is obviously an isomorphism. We define h
1, h´1
and h0 similarly as their capitalized counterparts, hence h1 “ ΦpH1q and so on. The subalgebra h1 can be expressed
as Qxzk : k P Ny where zk stands for the block x
k´1
0 x1. The subalgebra h
0 is linearly spanned by the words zk1 ¨ ¨ ¨ zkn
with k1 ě 2 and kj P N for j ě 2, called convergent words in view of (1). The unique algebra morphism J : h Ñ H
such that Jpx0q :“ p and Jpx1q :“ py is injective. Hence we will consider h as a subalgebra of H by identifying x0
with p and x1 with py. This convention renders both definitions of the letters zk, k P N0, consistent. Let us remark
for later use the inclusions:
h Ă Hp´1q, h1 Ă H0, h0 Ă H0.
The unique anti-automorphism rτ of H such that rτ ppq :“ y and rτ pyq :“ p is involutive. It exchanges H1 and
Hp´1q, and preserves H0. Accordingly, the unique anti-automorphism τ of h such that τpx0q :“ x1 and τpx1q :“ x0
is involutive, exchanges h1 and hp´1q, and preserves h0. We obviously have rτ “ Φ´1 ˝ τ ˝ Φ. The algebra H and all
subalgebras defined above are graded by the weight, defined on the generators by wtppq :“ 1 and wtpyq :“ 0. Let us
remark at this stage that τ respects the weight whereas rτ does not, and that rτ does not preserve convergent words,
i.e., rτph0q Ć h0 .
3. Transferred Hopf algebra structures
Before starting we briefly recall a few co- and Hopf algebra notions [16]. Let C be a coalgebra with coproduct
∆C and counit ǫC . A subspace J Ă C is called a left (right) coideal if ∆CpJq Ă C b J (∆CpJq Ă J b C).
A right (left) comodule over C is a k-vector space M together with a linear map φ : M Ñ M b C, such that
pIdM b∆Cq ˝φ “ pφb IdCq ˝φ and pIdM bǫCq ˝φ “ IdM (analogously for left comodules). Let pH,m, η,∆, ǫ, Sq be a
Hopf algebra. The flip map is denoted s : HbH Ñ HbH, and defined by spab bq :“ bb a. Then the opposite Hopf
algebra pH,mop, η,∆op, ǫ, Sq is given by mop :“ m ˝ s and ∆op :“ s ˝∆. Further, for the coproduct ∆ : H Ñ H bH
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and counit ǫ : H Ñ k we introduce the notation ∆HbH :“ pIdb s b Idqp∆ b ∆q and ǫHbH :“ ǫ b ǫ. It will be
convenient to apply Sweedler’s notation
∆pxq “
ÿ
pxq
x1 b x2.
Let k be a field of characteristic zero and pR,mR, ηRq an unital associative k-algebra. Our starting point is a Hopf
algebra pH,m, η,∆, ǫ, Sq over k equipped with a R-valued character, i.e., a multiplicative linear map ξ : H Ñ R,
ξ ˝m “ mR ˝ pξ b ξq. Subsequently we transfer the whole structure on another k-vector space H˝ by means of a
k-linear isomorphism T : H˝ Ñ H. We call H˝ the transferred Hopf algebra (T -Hopf algebra). This principle has
been used by Zudilin [30].
Proposition 3.1 (T -Hopf algebra). Let pR,mR, ηRq be an unital associative k-algebra and pH,m, η,∆, ǫ, Sq is a
Hopf algebra with character ξ : H Ñ R. We assume the existence of a k-linear isomorphism T : H˝ Ñ H between the
k-vector spaces H˝ and H. Then pH˝,m˝, η˝,∆˝, ǫ˝, S˝q is a Hopf algebra with character ξ˝ : H˝ Ñ R with
‚ multiplication: m˝ : H˝ b H˝ Ñ H˝, m˝ :“ T
´1 ˝m ˝ pT b T q,
H˝ b H˝
TbT

m˝ // H˝
H b H
m // H
T´1
OO
‚ unit: η˝ : k Ñ H˝, η˝ :“ T
´1 ˝ η,
k
η
  
  
  
 
η˝
  ❅
❅❅
❅❅
❅❅
❅
H
T´1 // H˝
‚ coproduct: ∆˝ : H˝ Ñ H˝ b H˝, ∆˝ :“ pT
´1 b T´1q ˝∆ ˝ T ,
H˝
T

∆˝ // H˝ b H˝
H
∆ // H b H
T´1bT´1
OO
‚ counit: ǫ˝ : H˝ Ñ k, ǫ˝ :“ ǫ ˝ T ,
H˝
T
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥ ǫ˝
  ❅
❅❅
❅❅
❅❅
❅
H
ǫ // k
‚ antipode: S˝ : H˝ Ñ H˝, S˝ :“ T
´1 ˝ S ˝ T ,
H˝
T

S˝ // H˝
H
S // H
T´1
OO
‚ character: ξ˝ : H˝ Ñ R, ξ˝ :“ ξ ˝ T .
H˝
T   ❆
❆❆
❆❆
❆❆
❆
ξ˝ // R
H
ξ
??⑦⑦⑦⑦⑦⑦⑦⑦
The linear isomorphism T is obviously a Hopf algebra isomorphism.
Corollary 3.2. In the notations of Proposition 3.1 we have:
a) Let H˜ Ă H be a subalgebra of pH,m, ηq, then T´1pH˜q Ă H˝ is a subalgebra of pH˝,m˝, η˝q.
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b) Let H˜ Ă H be a subcoalgebra of pH,∆, ǫq, then T´1pH˜q Ă H˝ is a subcoalgebra of pH˝,∆˝, ǫ˝q.
c) Let H˜ Ă H be a (left) coideal of pH,∆, ǫq, then T´1pH˜q Ă H˝ is a (left) coideal of pH˝,∆˝, ǫ˝q.
4. Application of T -Hopf algebra to MZVs
Proposition 3.1 is applied in the context of classical multiple zeta values (MZVs). We briefly review the double-
shuffle structure of MZVs and relate the dual product, which is derived from an involution defined on the shuffle
Hopf algebra, to a derivation relation of MZVs.
4.1. Multiple zeta values. Thanks to the coexistence of sum and integral representations of MZVs, the Q-algebra
spanned by those values contains many linear relations, called double shuffle relations. The latter are most naturally
described in terms of the algebraic framework of formal word algebras equipped with shuffle and quasi-shuffle prod-
ucts, which we review briefly.
We use the notations of Section 2. The quasi-shuffle product m˚ : h
1 b h1 Ñ h1, u ˚ v :“ m˚pub vq is iteratively
defined as follows:
(QS1) 1 ˚ w :“ w ˚ 1 :“ w
(QS2) znu ˚ zmv :“ znpu ˚ zmvq ` zmpznu ˚ vq ` zn`mpu ˚ vq
for words u, v, w P h1 and n,m P N. Further the shuffle product m

: h1 b h1 Ñ h1, u v :“ m

pub vq, is given by
(SH1) 1 w :“ w 1 :“ w
(SH2) au bv :“ apu bvq ` bpau vq
for words u, v, w P h1 and letters a, b P tx0, x1u. The difference between both products is seen best by comparing the
quasi-shuffle product z2 ˚ z2 “ 2z2z2 ` z4 with the shuffle product x0x1  x0x1 “ 2x0x1x0x1 ` 4x0x0x1x1.
Defining the linear map ζ : h0 Ñ R for any convergent word xk1´10 x1 ¨ ¨ ¨x
kn´1
0 x1 P h
0 by
ζpxk1´10 x1 ¨ ¨ ¨x
kn´1
0 x1q :“ ζpk1, . . . , knq,
we have the following well known result.
Theorem 4.1 ([24, 29, 11, 13]). The map ζ : h0 Ñ R is an algebra morphism with respect to both algebras ph0,m˚q
and ph0,m

q. Moreover, the following so-called extended double shuffle relations hold
ζpu ˚ v ´ u vq “ 0 and ζpz1 ˚ w ´ x1  wq “ 0,(3)
for any words u, v, w P h0.
In fact, conjecturally all linear relations among MZVs are assumed to follow from the relations in (3). See [13].
4.2. Duality relations. With the notations of Section 2 at hand, we have the following well-known duality result:
Theorem 4.2 ([8]). For any word w P h0 we have ζpwq “ ζpτpwqq.
Finally, we consider the so-called derivation relations, which give rise to linear relations among MZVs. For n P N
we introduce the derivation Bn : h
0 Ñ h0 by
Bnpx0q :“ x0px0 ` x1q
n´1x1 and Bnpx1q :“ ´x0px0 ` x1q
n´1x1.
Then we have the next result.
Theorem 4.3 ([14]). For any word w P h0 and any n ą 0 we have ζpBnpwqq “ 0.
Now we apply Proposition 3.1 to the quasi-shuffle Hopf algebra ph1,m˚,∆q, where the coproduct ∆: h
1 Ñ h1bh1
is defined by the usual deconcatenation of words
∆pzk1 ¨ ¨ ¨ zknq :“ zk1 ¨ ¨ ¨ zkn b 1` 1b zk1 ¨ ¨ ¨ zkn `
n´1ÿ
l“1
zk1 ¨ ¨ ¨ zkl b zkl`1 ¨ ¨ ¨ zkn .(4)
The product m˝ : h
p´1q b hp´1q Ñ hp´1q is defined in terms of τ : hp´1q Ñ h1 and the quasi-shuffle product m˚ on h
1
m˝ :“ τ ˝m˚ ˝ pτ b τq.
Since h0 is a subalgebra of ph1,m˚q, ph
0,m˝q is also a subalgebra of ph
p´1q,m˝q by Corollary 3.2. Note that Zudilin
remarked in [30] that m˝ does not coincide with the usual shuffle product for MZVs defined algebraically through
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(SH1) and (SH2). This can be seen by noticing that the weight is preserved under both duality as well as the
quasi-shuffle product. Depth on the other hand is transformed by duality to the difference of weight and depth. As
the quasi-shuffle product leads to a decrease in depth the product m˝ leads to an increase in depth, in contrast to
the shuffle product, which preserves both weight and depth. For example
m˝px0x1 b x0x1q “ 2x0x1x0x1 ` x0x1x1x1.
Now we show that the product m˝ is related to a derivation relation for MZVs.
Theorem 4.4. Let w P h0. Then we have
B2pwq “ w ˝ z2 ´ w ˚ z2.(5)
Remark 4.5. One should compare Theorem 4.4 with an identity of Hoffman and Ohno proved in [11]. They showed
that for any w P h0
B1pwq “ w z1 ´ w ˚ z1.
Proof of Theorem 4.4. In the first step of the proof we show that (5) is true for u “ xa0x
b
1 P h
0 with a, b P N.
‚ Let a, b “ 1. Then B2px0x1q “ x0x
3
1 ´ x
3
0x1 and
x0x1 ˝ x0x1 ´ z2 ˚ z2 “ τp2x0x1x0x1 ` x
3
0x1q ´ p2x0x1x0x1 ` x
3
0x1q
“ x0x
3
1 ´ x
3
0x1.
‚ Let b “ 1. We obtain by induction hypothesis
B2px
a
0x1q “ B2px0qx
a´1
0 x1 ` x0B2px
a´1
0 x1q
“ x20x1x
a´1
0 x1 ` x0x
2
1x
a´1
0 x1 ` x0px
a´1
0 x1 ˝ x0x1 ´ ppx
a´1
0 x1q ˚ px0x1qq.
Observing
xa0x1 ˝ x0x1 “ τpz2z
a´1
1 ˚ z2q
“ τppz2z
a´2
1 ˚ z2qz1q ` τpz2z
a´1
1 z2q ` τpz2z
a´2
1 z3q
“ x0px
a´1
0 x1 ˝ x0x1q ` x0x1x
a
0x1 ` x0x
2
1x
a´1
0 x1
and
xa0x1 ˚ x0x1 “ pza`1 ˚ z2q “ z2za`1 ` za`1z2 ` za`3
“ x0pzaz2 ` z2za ` za`2q ´ x0pz2zaq ` z2za`1
“ x0pza ˚ z2q ´ x
2
0x1x
a´1
0 x1 ` x0x1x
a
0x1,
concludes the proof.
‚ Let a P N be fixed. Then by induction hypothesis
B2px
a
0x
b
1q “ B2px
a
0x
b´1
1 qx1 ` x
a
0x
b´1
1 B2px1q
“ pxa0x
b´1
1 ˝ x0x1 ´ x
a
0x
b´1
1 ˚ x0x1qx1 ´ x
a
0x
b´1
1 x
2
0x1 ´ x
a
0x
b´1
1 x0x
2
1.
We obtain
xa0x
b
1 ˝ x0x1 “ τpzb`1z
a´1
1 ˚ z2q
“ τpx0pzbz
a´1
1 ˚ z2qq ´ τpx0pz2zbz
a´1
1 qq ` τpz2zb`1z
a´1
1 q
“ pxa0x
b´1
1 ˝ x0x1qx1 ´ x
a
0x
b´1
1 x0x
2
1 ` x
a
0x
b
1x0x1
and
xa0x
b
1 ˚ x0x1 “ pza`1z
b´1
1 ˚ z2q
“ ppza`1z
b´2
1 ˚ z2qz1q ` pza`1z
b´1
1 z2q ` pza`1z
b´2
1 z3q
“ pxa0x
b´1
1 ˚ x0x1qx1 ` x
a
0x
b
1x0x1 ` x
a
0x
b´1
1 x
2
0x1,
which concludes the first part of the proof.
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To finish the proof we define the map δpuq :“ u ˝ x0x1 ´ u ˚ x0x1. For w1 :“ x
a1
0 x
b1
1 ¨ ¨ ¨x
an
0 x
bn
1 and w2 :“
xc10 x
d1
1 ¨ ¨ ¨x
cm
0 x
dm
1 with m,n P N we will prove that
δpw1w2q “ δpw1qw2 ` w1δpw2q.(6)
Indeed, we have
w1w2 ˝ x0x1 “ τpzdm`1z
cm´1
1 ¨ ¨ ¨ zd1`1z
c1´1
1 zbn`1z
an´1
1 ¨ ¨ ¨ zb1`1z
a1´1
1 ˚ z2q
“ τpzbn`1z
an´1
1 ¨ ¨ ¨ zb1`1z
a1´1
1 qτpzdm`1z
cm´1
1 ¨ ¨ ¨ zd1`1z
c1´1
1 ˚ z2q
` τpzbn`1z
an´1
1 ¨ ¨ ¨ zb1`1z
a1´1
1 ˚ z2qτpzdm`1z
cm´1
1 ¨ ¨ ¨ zd1`1z
c1´1
1 q
´ τpzdm`1z
cm´1
1 ¨ ¨ ¨ zd1`1z
c1´1
1 z2zbn`1z
an´1
1 ¨ ¨ ¨ zb1`1z
a1´1
1 q
“ w1pw2 ˝ x0x1q ` pw1 ˝ x0x1qw2 ´ w1x0x1w2
as well as
w1w2 ˚ x0x1 “ za1`1z
b1´1
1 ¨ ¨ ¨ zan`1z
bn´1
1 zc1`1z
d1´1
1 ¨ ¨ ¨ zcm`1z
dm´1
1 ˚ z2
“pza1`1z
b1´1
1 ¨ ¨ ¨ zan`1z
bn´1
1 qpzc1`1z
d1´1
1 ¨ ¨ ¨ zcm`1z
dm´1
1 ˚ z2q
` pza1`1z
b1´1
1 ¨ ¨ ¨ zan`1z
bn´1
1 ˚ z2qpzc1`1z
d1´1
1 ¨ ¨ ¨ zcm`1z
dm´1
1 q
´ pza1`1z
b1´1
1 ¨ ¨ ¨ zan`1z
bn´1
1 z2zc1`1z
d1´1
1 ¨ ¨ ¨ zcm`1z
dm´1
1 q
“ w1pw2 ˚ x0x1q ` pw1 ˚ x0x1qw2 ´ w1x0x1w2.
This implies (6). Combining the first and the second step proves the claim of the theorem. 
5. Application of T -Hopf algebra to the shuffle product of q-MZVs
A systematic study of q-analogues of MZVs (q-MZVs) was initiated by Bradley, Zhao and Zudilin [2, 27, 29], with a
forerunner by Schlesinger’s 2001 preprint [20]. Since then several distinct q-models of MZVs have been considered in
the literature. See Zhao’s recent work [28] for details. The quasi-shuffle products of these q-MZVs are deduced from
the defining series, and in several cases an accompanying Hopf algebra structure in the sense of Hoffman [10] can be
defined. Quite recently q-shuffle products for the most prevailing models of q-MZVs were studied in [4, 5, 21, 22].
See also [28]. They are based on a description of q-MZVs in terms of iterated Rota–Baxter operators. The latter
enter the picture through substituting Jackson’s q-integral for the Riemann integral in the integral representation of
ordinary MZVs.
In this section we compare the Rota–Baxter operator approach and the duality approach for the q-analogues of
Schlesinger–Zudilin (SZ-) model and Ohno–Okuda–Zudilin (OOZ-) model. In the forthcoming we always assume that
q P C with |q| ă 1. The notation q Ò 1 stands for q Ñ 1 inside some angular sector ´π{2` ε ă Argp1´ qq ă π{2´ ε
centered at 1, with a fixed ε ą 0.
5.1. Schlesinger–Zudilin q-model. In [20] and [29] the authors defined the following q-analogues of MZVs given
by
ζSZpk1, . . . , knq :“
ÿ
m1ą¨¨¨ąmną0
qm1k1`¨¨¨`mnkn
p1´ qm1qk1 ¨ ¨ ¨ p1 ´ qmnqkn
,(7)
for k1, . . . , kn P N0 with k1 ě 1. It is easily seen that for k1 ě 2 and k2, . . . , kn ě 1 we obtain
lim
qÒ1
p1´ qqk1`¨¨¨`knζSZpk1, . . . , knq “ ζpk1, . . . , knq.
Furthermore we introduce a star version of model (7) which is given for any k1, . . . , kn P N0 with k1 ě 1 by
ζSZ,‹pk1, . . . , knq :“
ÿ
m1ě¨¨¨ěmną0
qm1k1`¨¨¨`mnkn
p1 ´ qm1qk1 ¨ ¨ ¨ p1´ qmnqkn
.(8)
This model plays a distinguished role with respect to the OOZ-model, which will be discussed in the next paragraph.
Again we observe for k1 ě 2 and k2, . . . , kn ě 1 that
lim
qÒ1
p1´ qqk1`¨¨¨`knζSZ,‹pk1, . . . , knq “ ζ
‹pk1, . . . , knq :“
ÿ
m1ě¨¨¨ěmną0
1
mk11 ¨ ¨ ¨m
kn
n
,
where ζ‹pk1, . . . , knq are called multiple zeta star values (MZSVs).
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Remark 5.1. Note that (7) constitutes what is usually called a modified (Schlesinger–Zudilin) q-MZV, and the
proper q-MZV is given by p1 ´ qqk1`¨¨¨`knζSZpk1, . . . , knq. The same applies to the q-MZSV defined in (8). In the
following we will work exclusively with (7) and (8).
Using the notations of Section 2 again, we define the λ-weighted quasi-shuffle type product m
pλq
˚ : H
1 bH1 Ñ H1,
u ˚λ v :“ m
pλq
˚ pub vq, iteratively by
(QS1) 1 ˚λ w :“ w ˚λ 1 :“ w,
(QS2) znu ˚λ zmv :“ znpu ˚λ zmvq ` zmpznu ˚λ vq ` λzn`mpu ˚λ vq
for any words w, u, v P H1 and n,m P N0. The parameter λ will stand for 1 or ´1. The case λ “ 1 corresponds to
the natural product satisfied by the q-MZVs defined in (7). It coincides with the quasi-shuffle product of classical
MZVs. Note that pH1,m
p1q
˚ ,∆q, where ∆ is given by deconcatenation (4), defines a quasi-shuffle Hopf algebra. The
case λ “ ´1 corresponds to the product satisfied by the q-MZSVs defined in (8). Now we introduce the λ-weighted
shuffle product m
pλq

: H1 b H1 Ñ H1, uλ v :“ m
pλq

pub vq, by
(SH1) 1λ w :“ wλ 1 :“ w,
(SH2) yuλ v :“ uλ yv :“ ypu vq,
(SH3) puλ pv :“ ppuλ pvq ` pppuλ vq ` λppuλ vq.
Defining the map ζSZ : H0 Ñ Qrrqss by
ζSZpzk1 ¨ ¨ ¨ zknq :“ ζ
SZpk1, . . . , knq
we can state the following result of [21]:
Theorem 5.2. The map ζSZ : H0 Ñ Qrrqss is an algebra morphism on both algebras pH0,m
p1q
˚ q and pH
0,m
p1q

q.
Especially, for any words u, v P H0 we have the q-analogue of the double shuffle relation
ζSZpu1 v ´ u ˚1 vq “ 0.
First we introduce the linear map rτ : Qxp, yy Ñ Qxp, yyrτ ppq :“ y rτ pyq :“ p,(9)
which is extended to words as an antiautomorphism. Again, this induces the linear isomorphism rτ : Hp´1q Ñ H1. By
further restriction we obtain the automorphism rτ : H0 Ñ H0, which yields the following duality result due to Zhao.
Theorem 5.3. [28, Theo. 8.3] For any word w P H0 we have ζSZpwq “ ζSZ
`rτpwq˘.
The first nontrivial relation arising from Theorem 5.3 is:
ζSZp2q “ ζSZpppyq “ ζSZppyyq “ ζSZp1, 0q “
ÿ
k,lą0
pk ´ 1qqkl.
Proof. We include brief demonstration of Theorem 5.3. As in [21] we introduce the Rota–Baxter operator
P qrf sptq :“
ÿ
mě1
fpqmtq
of weight one. Further let yptq :“ t1´t P tQrrtss. Using the identity [21, Prop. 2.6 (i)]
ζSZppk1y ¨ ¨ ¨ pknyq “ P
k1
q ryP
k2
q ry ¨ ¨ ¨P
kn
q rys ¨ ¨ ¨ ssptq
ˇˇˇ
t“1
we calculate
ζSZpτqpp
k1y ¨ ¨ ¨ pknyqq “ ζSZppykn ¨ ¨ ¨ pyk1q
“ P qry
knP qry
kn´1 ¨ ¨ ¨P qry
k1sssptq
ˇˇ
t“1
“
ÿ
m1,...,mną0
qpm1`¨¨¨`mnqk1tk1
p1´ qm1`¨¨¨`mntqk1
qpm2`¨¨¨`mnqk2tk2
p1´ qm2`¨¨¨`mntqk2
¨ ¨ ¨
qmnkntkn
p1´ qmntqkn
ˇˇˇˇ
ˇ
t“1
“
ÿ
m1ąm2ą¨¨¨ąmną0
qm1k1`¨¨¨`mnkn
p1´ qm1qk1 ¨ ¨ ¨ p1 ´ qmnqkn
“ ζSZppk1y ¨ ¨ ¨ pknyq.
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
Again, we are in the position to apply Proposition 3.1 in the context of the quasi-shuffle Hopf algebra pH1,m
p1q
˚ ,∆q
and the character ζSZ. Since H0 is a subalgebra of H1 it is also a subalgebra of H1
˝
, and we obtain the algebra pH0,m
p1q
˝ q.
Here we find the same situation as in [30], i.e., the product m
p1q
˝ “ rτ ˝mp1q˚ ˝ prτ b rτ q, a ˝1 b :“ mp1q˝ pab bq equals the
shuffle product m
p1q

.
Theorem 5.4. The product m
p1q
˝ : H0bH0 Ñ H0 induced by Proposition 3.1 coincides with m
p1q

: H0bH0 Ñ H0. In
particular, we have the double shuffle relations
ζSZpu ˝1 v ´ u ˚1 vq “ 0
for any words u, v P H0.
Proof. Let X :“ tp, yu. For u P H0 we observe that 1 ˝1 u “ u ˝1 1 “ rτp1 ˚1 rτ puqq “ u. Let u1, v1 P pX˚y then there
exist a, b, c, d ě 1 and u, v P pX˚y Y t1u such that u1 “ paybu and v1 “ pcydv. We observe that the product
paybu ˝1 p
cydv “ rτ `rτppaybuq ˚1 rτ ppcydvq˘ “ rτ `rτ puqzbza´10 ˚1 rτpvqzdzc´10 ˘ .
Now we distinguish three cases:
‚ Case 1: a “ c “ 1
pybu ˝1 py
dv “ rτ prτpuqzb ˚1 rτ pvqzdq
“ rτ tprτ puq ˚1 rτ pvqzdqzb ` prτ puqzb ˚1 rτ pvqqzd ` prτ puq ˚1 rτ pvqqzb`du
“ pybpu ˝1 py
dvq ` pydppybu ˝1 vq ` py
b`dpu ˝1 vq.
‚ Case 2: a “ 1, c ě 2
pybu ˝1 p
cydv “ rτ `rτ puqzb ˚1 rτ pvqzdzc´10 ˘
“ rτ  prτ puq ˚1 rτ pvqzdzc´10 qzb ` prτ puqzb ˚1 rτ pvqzdzc´20 qz0 ` prτ puq ˚1 rτ pvqzdzc´20 qzb(
“ pybpu ˝1 p
cydvq ` pppybu ˝1 p
c´1ydvq ` pybpu ˝1 p
c´1ydvq.
The case a ě 2, c “ 1 is analogues.
‚ Case 3: a, c ě 2
paybu ˝1 p
cydv “ rτ `rτ puqzbza´10 ˚1 rτ pvqzdzc´10 ˘
“ rτ  prτ puqzbza´20 ˚1 rτpvqzdzc´10 qz0 ` prτ puqzbza´10 ˚1 rτ pvqzdzc´20 qz0 ` prτ puqzbza´20 ˚1 rτ pvqzdzc´20 qz0(
“ pppa´1ybu ˝1 p
cydvq ` pppaybu ˝1 p
c´1ydvq ` pppa´1ybu ˝1 p
c´1ydvq.
It is easy to see that the three cases reduce to (SH1), (SH2) and (SH3), respectively. 
5.2. Ohno–Okuda–Zudilin q-model. Now we consider another q-model introduced by Ohno, Okuda and Zudilin
(OOZ) in [19]. Let k1, . . . , kn P Z. Then the (modified) OOZ q-MZVs are defined by
ζOOZpk1, . . . , knq :“
ÿ
m1ą¨¨¨ąmną0
qm1
p1´ qm1qk1 ¨ ¨ ¨ p1´ qmnqkn
.(10)
Again, this is a proper q-analogue of MZVs thanks to the fact that the limit
lim
qÒ1
p1´ qqk1`¨¨¨`knζOOZpk1, . . . , knq “ ζpk1, . . . , knq,
if k1 ě 2, k2, . . . , kn ě 1.
If we restrict ourselves to non-negative integers then we can introduce an algebraic setting analogues to the one
for the Schlesinger–Zudilin model presented in the previous section. We define
ζOOZ : H0 Ñ Qrrqss, ζOOZpzk1 ¨ ¨ ¨ zknq :“ ζ
OOZpk1, . . . , knq
and
ζSZ,‹ : H0 Ñ Qrrqss, ζSZ,‹pzk1 ¨ ¨ ¨ zknq :“ ζ
SZ,‹pk1, . . . , knq.
Using the linear map rτ defined in (9) we can state the following duality theorem.
Theorem 5.5. For any word w P H0 we find that ζOOZpwq “ ζSZ,‹prτ pwqq.
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Proof. We use the Rota–Baxter operator Pq “ Id`P q, which explicitly writes
Pqrf sptq :“
ÿ
mě0
fpqmtq(11)
of weight ´1, together with yptq :“ t1´t P tQrrtss. Following [5, Eq. (4.1)] we can write
ζOOZppk1y ¨ ¨ ¨ pknyq “ P k1q ryP
k2
q ry ¨ ¨ ¨P
kn
q rys ¨ ¨ ¨ ssptq
ˇˇ
t“q
,
and calculate
ζOOZprτ ppk1y ¨ ¨ ¨ pknyqq “ ζOOZppykn ¨ ¨ ¨ pyk1q
“ Pqry
knPqry
kn´1 ¨ ¨ ¨Pqry
k1sssptq
ˇˇ
t“q
“
ÿ
m1,...,mně0
qpm1`¨¨¨`mnqk1tk1
p1´ qm1`¨¨¨`mntqk1
qpm2`¨¨¨`mnqk2tk2
p1´ qm2`¨¨¨`mntqk2
¨ ¨ ¨
qmnkn tkn
p1´ qmntqkn
ˇˇˇˇ
ˇ
t“q
“
ÿ
m1ěm2ě¨¨¨ěmną0
qm1k1`¨¨¨`mnkn
p1´ qm1qk1 ¨ ¨ ¨ p1´ qmnqkn
“ ζSZ,‹ppk1y ¨ ¨ ¨ pknyq.
Since rτ is an antiautomorphism for words from Qxp, yy, the proof is complete. 
In general rτ does not preserve the weight of a given word. Therefore we can not deduce the classical duality
relation of MZVs stated in Theorem 4.2 by taking the limit q Ò 1 in the previous theorem. Subsequently, we prove
that in leading q-order a q-version of Theorem 4.2 for the OOZ-model is valid (Corollary 5.11). Recall that for k1 ě 2,
k2, . . . , kn ě 1 the (modified) Bradley–Zhao (BZ) q-MZVs are defined by the iterated sum
ζBZpk1, . . . , knq :“
ÿ
m1ą¨¨¨ąmną0
qpk1´1qm1`¨¨¨`pkn´1qmn
p1´ qm1qk1 ¨ ¨ ¨ p1 ´ qmnqkn
.
For this model we have the following well-known result:
Theorem 5.6. [2] For any word w P h0 we have ζBZpwq “ ζBZ
`
τpwq
˘
.
The notation ζBZpzk1 ¨ ¨ ¨ zknq “ ζ
BZpx0x
k1´1
1 ¨ ¨ ¨x0x
kn´1
1 q :“ ζ
BZpk1, . . . , knq is used. It will be useful to reformulate
both Theorems 5.3 and 5.6 in the OOZ model. Let us introduce the linear maps U : h0 Ñ h0 and V : H0 Ñ H0
defined by
(12) Upzk1 ¨ ¨ ¨ zknq :“
ÿ
2ďr1ďk1
1ďrjďkj , jě2
ˆ
k1 ´ 2
r1 ´ 2
˙ˆ
k2 ´ 1
r2 ´ 1
˙
¨ ¨ ¨
ˆ
kn ´ 1
rn ´ 1
˙
zr1 ¨ ¨ ¨ zrn
and
(13) V pzk1 ¨ ¨ ¨ zknq :“
ÿ
1ďr1ďk1
0ďrjďkj , jě2
ˆ
k1 ´ 1
r1 ´ 1
˙ˆ
k2
r2
˙
¨ ¨ ¨
ˆ
kn
rn
˙
zr1 ¨ ¨ ¨ zrn .
Proposition 5.7. We have the following:
(1) The maps U and V are linear isomorphisms, with inverses given by
(14) U´1pzk1 ¨ ¨ ¨ zknq :“
ÿ
2ďr1ďk1
1ďrjďkj , jě2
p´1q
ř
j
kj´rj
ˆ
k1 ´ 2
r1 ´ 2
˙ˆ
k2 ´ 1
r2 ´ 1
˙
¨ ¨ ¨
ˆ
kn ´ 1
rn ´ 1
˙
zr1 ¨ ¨ ¨ zrn
and
(15) V ´1pzk1 ¨ ¨ ¨ zknq :“
ÿ
1ďr1ďk1
0ďrjďkj , jě2
p´1q
ř
j
kj´rj
ˆ
k1 ´ 1
r1 ´ 1
˙ˆ
k2
r2
˙
¨ ¨ ¨
ˆ
kn
rn
˙
zr1 ¨ ¨ ¨ zrn .
(2) For convergent words, the Bradley–Zhao and Ohno–Okuda–Zudilin models are related by
(16) ζOOZ “ ζBZ ˝ U.
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(3) For words in H0, the Schlesinger–Zudilin and Ohno–Okuda–Zudilin models are related by
(17) ζOOZ “ ζSZ ˝ V.
Proof. Let U 1, respectively V 1, be the linear endomorphism of h0, respectively H0, given by the right-hand side of
(14), respectively (15). We compute
pU 1 ˝ Uqpzk1 ¨ ¨ ¨ zknq “
ÿ
2ďr1ďk1
1ďrjďkj , jě2
ˆ
k1 ´ 2
r1 ´ 2
˙ˆ
k2 ´ 1
r2 ´ 1
˙
¨ ¨ ¨
ˆ
kn ´ 1
rn ´ 1
˙
U 1pzr1 ¨ ¨ ¨ zrnq
“
ÿ
2ďs1ďr1ďk1
1ďsjďrjďkj , jě2
p´1q
ř
j
rj´sj
ˆ
k1 ´ 2
r1 ´ 2
˙ˆ
k2 ´ 1
r2 ´ 1
˙
¨ ¨ ¨
ˆ
kn ´ 1
rn ´ 1
˙ˆ
r1 ´ 2
s1 ´ 2
˙ˆ
r2 ´ 1
s2 ´ 1
˙
¨ ¨ ¨
ˆ
rn ´ 1
sn ´ 1
˙
zs1 ¨ ¨ ¨ zsn
“
ÿ
2ďs1ďk1
1ďsjďkj , jě2
Ds1´2k1´2D
s2´1
k2´1
¨ ¨ ¨Dsn´1kn´1zs1 ¨ ¨ ¨ zsn ,
with Dak :“
ř
a`b`c“kp´1q
b k!
a!b!c! . It is easily seen by expanding x
k “ px´ y` yqk that Dak reduces to the Kronecker
symbol δak . Hence pU
1˝Uqpzk1 ¨ ¨ ¨ zknq “ zk1 ¨ ¨ ¨ zkn . The verifications of U ˝U
1 “ Idh0 , V
1˝V “ IdH0 and V ˝V
1 “ IdH0
are entirely similar. The second assertion easily follows from the two following identities:
qm
p1´ qmqk
“
kÿ
l“2
ˆ
k ´ 2
l ´ 2
˙
qpl´1qm
p1 ´ qmql
and
1
p1´ qmqk
“
kÿ
l“1
ˆ
k ´ 1
l ´ 1
˙
qpl´1qm
p1 ´ qmql
.
The third assertion follows from:
qm
p1´ qmqk
“
kÿ
l“1
ˆ
k ´ 1
l ´ 1
˙
qlm
p1´ qmql
and
1
p1´ qmqk
“
kÿ
l“0
ˆ
k
l
˙
qlm
p1´ qmql
.

Remark 5.8. We obviously have
ζBZ “ ζOOZ ˝ U´1, ζSZ “ ζOOZ ˝ V ´1.
This could have been directly checked through the following identities:
qpk´1qm
p1 ´ qmqk
“
kÿ
l“2
p´1qk´l
ˆ
k ´ 2
l´ 2
˙
qm
p1´ qmql
,
qpk´1qm
p1´ qmqk
“
kÿ
l“1
p´1qk´l
ˆ
k ´ 1
l ´ 1
˙
1
p1 ´ qmql
,
qkm
p1 ´ qmqk
“
kÿ
l“1
p´1qk´l
ˆ
k ´ 1
l´ 1
˙
qm
p1´ qmql
,
qkm
p1´ qmqk
“
kÿ
l“0
p´1qk´l
ˆ
k
l
˙
1
p1 ´ qmql
.
Hence we obtain two families of duality relations in the OOZ model:
Theorem 5.9. Let w P H0. Then
ζOOZpwq “ ζOOZ
`
V ´1 ˝ rτ ˝ V pwq˘.
If moreover w P h0 we also have
ζOOZpwq “ ζOOZ
`
U´1 ˝ τ ˝ Upwq
˘
.
For example, from V ´1 ˝ rτ ˝ V pz3q “ z1z20 ` 2z1z0 ` z1 and U´1 ˝ τ ˝ Upz3q “ z2z1 ` z2 we get:
ζOOZp3q “ ζOOZp1q ` 2ζOOZp1, 0q ` ζOOZp1, 0, 0q
“ ζOOZp2, 1q ` ζOOZp2q
“
ÿ
k,lą0
kpk ` 1q
2
qkl.
The second equality can also be obtained as a double shuffle relation [5]. Theorems 5.3 and 5.6 can be reformulated
as follows:
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Corollary 5.10. For a1, b1, . . . , an, bn P N we have
ζSZpa1, t0u
b1´1, . . . , an, t0u
bn´1q “ ζSZpbn, t0u
an´1, . . . , b1, t0u
a1´1q,
ζBZpa1 ` 1, t1u
b1´1, . . . , an ` 1, t1u
bn´1q “ ζBZpbn ` 1, t1u
an´1, . . . , b1 ` 1, t1u
a1´1q.
Using this reformulation and Theorem 5.9 we immediately get:
Corollary 5.11. We have
ζOOZpa1 ` 1, t1u
b1´1, . . . , an ` 1, t1u
bn´1q “ ζOOZpbn ` 1, t1u
an´1, . . . , b1 ` 1, t1u
a1´1q `Apqq,
ζOOZpa1, t0u
b1´1, . . . , an, t0u
bn´1q “ ζOOZpbn, t0u
an´1, . . . , b1, t0u
a1´1q `Bpqq,
where Apqq P xζOOZpk1, . . . , knq : k1 ě 2, k2, . . . , kn ě 1yQ and Bpqq P xζ
OOZpk1, . . . , knq : k1 ě 1, k2, . . . , kn ě 0yQ.
Moreover we have
lim
qÒ1
p1 ´ qqa1`b1`¨¨¨`an`bnApqq “ 0.
Proof. This is immediate. The last assertion on the term Apqq is derived from the triangular structure of U , i.e.,
Upwq “ w` terms of strictly lower weight. The term Bpqq is not so nice, due to the fact that the duality rτ does not
preserve the weight. 
Let us go back to the duality construction of Theorem 5.5. For the OOZ-model we apply Proposition 3.1 in the
context of the Hopf algebra pH1,m
p´1q
˚ ,∆q with character ζ
SZ,‹, where ∆ is defined as in (4). We obtain the dual
Hopf algebra pHp´1q,m
p´1q
˝ ,∆˝q. Again, H
0 is a subalgebra of pHp´1q,m
p´1q
˚ q and we have the following theorem.
Theorem 5.12. The product m
p´1q
˝ : H
0 b H0 Ñ H0 induced by Proposition 3.1 coincides with the shuffle product
m
p´1q

: H0 b H0 Ñ H0.
Proof. The proof is very similar to that of Theorem 5.4. We only have to consider the weight ´1 quasi-shuffle and
shuffle products instead of the weight 1 products. 
Remark 5.13. Note that the q-MZVs in the OOZ-model (10) are well defined for any integer arguments. However,
we are not able to extend the duality argument of Theorem 5.12 to arbitrary integers, and have to restrict to non-
negative arguments. The shuffle product approach provided in [5] is valid for any integer. The reason for this is that
the Rota–Baxter operator Pq defined in (11) is invertible. This fact was used in [6] to provide a renormalization of
MZVs with respect to the shuffle product, which is compatible with meromorphic continuation of MZVs.
5.3. Comparison of different q-models. In this paragraph we discuss the connection of the shuffle products
for the SZ- and OOZ-models. The duality construction unveils that the link corresponds to the interplay between
multiple zeta and multiple zeta star values.
Following [12] we define the map S : H1 Ñ H1 recursively by Sp1q “ 1 and
Spzkwq “ zkSpwq ` zk ˝ Spwq
for any k P N and w P H1. The composition ˝ : H1 b H1 Ñ H1 is defined by zk ˝ 1 “ 0 and
zk1 ˝ pzk2wq “ zk1`k2w
for any w P H1 and k1, k2 P N0.
Then we have the following result:
Theorem 5.14. [12] We have:
‚ The map S is an isomorphism with inverse S´1 given by S´1p1q “ 1
S´1pzkwq “ zkS
´1pwq ´ zk ˝ S
´1pwq
for any k P N0 and w P H
1.
‚ The map S : pH1,m
p´1q
˚ q Ñ pH
1,m
p1q
˚ q is an algebra isomorphism, i.e.,
Spu ˚´1 vq “ Spuq ˚1 Spvq
for any u, v P H1.
Therefore, putting these results together, we obtain:
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H0 b H0
rτbrτ

´1 // H0
H0 b H0
˚´1 //
SbS

H0
S

rτ
OO
H0 b H0
˚1 // H0
rτ

H0 b H0
rτbrτ
OO
1 // H0
Corollary 5.15. The following diagram commutes:
Proof. From top to bottom the commutativity of the diagram is ensured by Theorems 5.12, 5.14 and 5.4. 
6. Further applications of the T -Hopf algebra to q-MZVs
6.1. A shuffle-like bialgebra structure for the OOZ-model. In [4, 5] the authors provided a description of
the shuffle product for the OOZ-model. The main ingredient is a Rota–Baxter operator (RBO) approach, which
substitutes for the Kontsevich integral formula in the classical MZVs case. Since the corresponding RBO is invertible,
the shuffle product can be extended to arbitrary integer arguments.
First we quickly review the algebra framework. Let X :“ tp, d, yu, and let W denote the set of words on the
alphabet X subject to the rule pd “ dp “ 1, where 1 denotes the empty word. Let W0 be the subset of W made of
words ending in the letter y. Therefore any word w PW0 can be written as
w “ pk1ypk2y ¨ ¨ ¨ pkny
for k1, . . . , kn P Z using the identifications p
´1 “ d and p0 “ 1. Let H (respectively H0) denote the algebra
H :“ xW yQ (respectively H0 :“ xW0yQ) spanned by the words in W (respectively W0). For any λ P Q
ˆ we define
the bilinear product λ on H by 1λ w “ wλ 1 “ w for any w PW , and recursively for any words u, v PW :
yuλ v :“ uλ yv :“ ypuλ vq,
puλ pv :“ pppuλ v ` uλ pv ` λuλ vq,
duλ dv :“
1
λ
rdpuλ vq ´ uλ dv ´ duλ vs ,
duλ pv :“ pvλ du :“ dpuλ pvq ´ uλ v ´ λduλ v.
Lemma 6.1. [5] The pair pH,m
pλq

q is a commutative, associative and unital algebra, and pH0,m
pλq

q is a subalgebra
of pH,m
pλq

q.
Next we define a unital infinitesimal bialgebra on H. This will yield a coproduct ∆, which does not depend on λ.
Then we will show that pH,m
pλq

,∆q is a proper bialgebra.
Recall that a unital infinitesimal bialgebra is a triple pA,m¨,∆q where pA,m¨q is a unital associative algebra, and
∆ : A Ñ Ab A is coproduct with the following compatibility relation [17]:
(18) ∆pu ¨ vq “ pub 1q∆pvq `∆puqp1b vq ´ ub v.
Our ansatz is as follows:
∆p1q :“ 1b 1,(19)
∆ppq :“ pb 1` 1b p,(20)
∆pyq :“ y b 1,(21)
∆pdq :“ 0.(22)
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This is motivated by the idea that ∆ is supposed to extend in some sense the deconcatenation coproduct to W .
Here the letters p and py correspond to the letters x0 and x1, respectively, which are primitives with respect to the
ususal deconcatenation coproduct.
Proposition 6.2. The triple pH,m
pλq

,∆q is a bialgebra, where ∆: H Ñ HbH is defined through (18) together with
the initial values (19), (20), (21) and (22).
Proof. First we have to prove that ∆ is well-defined. The initial values (19), (20) and (22) are consistent with the
convention dp “ pd “ 1 since
∆pdpq “ pdb 1qp1b p` pb 1q ´ db p “ 1b 1,
∆ppdq “ p1b p` pb 1qp1b dq ´ pb d “ 1b 1.
Next we show that for a given word w relation (18) is independent of the splitting point, i.e., for w “ w1w2 “ w
1
1w
1
2
we have
∆pw1w2q “ ∆pw
1
1w
1
2q.
This is done by induction on the weight wtpwq. The base case is trivial. Now assume that w “ w1w2w3 with wtpw1q,
wtpw2q, wtpw3q, wtpw2w3q, and wtpw1w2q all being smaller than wtpwq. Splitting w between w1 and w2 we observe
∆pw1 ¨ w2w3q “ pw1 b 1q∆pw2w3q `∆pw1qp1b w2w3q ´ w1 b w2w3
“ pw1w2 b 1q∆pw3q ` pw1 b 1q∆pw2qp1b w3q ´ w1w2 b w3
`∆pw1qp1b w2w3q ´ w1 b w2w3
and splitting w between w2 and w3 leads to
∆pw1w2 ¨ w3q “ pw1w2 b 1q∆pw3q `∆pw1w2qp1b w3q ´ w1w2 b w3
“ pw1w2 b 1q∆pw3q ` pw1 b 1q∆pw2qp1b w3q `∆pw1qp1b w2w3q
´ w1 b w2w3 ´ w1w2 b w3,
which coincide by induction hypothesis.
In the next step we prove coassociativity of ∆ by induction on the weight wtpwq. The base case is trivial. Now
we have to distinguish three cases:
‚ Case 1: w “ yu
pp∆b Idq ˝∆qpyuq “ p∆b Idqpy b 1q∆puq “
ÿ
puq
∆pyu1q b u2
“ py b 1b 1qp∆b Idq∆puq “ py b 1b 1qpIdb∆q∆puq
“ pIdb∆qpy b 1q∆puq “ pp∆ b Idq ˝∆qpyuq.
‚ Case 2: w “ pu
We have
pp∆b Idq ˝∆qppuq “ p∆b Idq
“
ppb 1q∆puq ` 1b pu
‰
“
ÿ
puq
∆ppu1q b u2 ` 1b 1b pu
“
ÿ
puq
“
ppb 1q∆pu1q ` 1b pu1
‰
b u2 ` 1b 1b pu
“ ppb 1b 1qp∆b Idq∆puq ` 1b pppb 1q∆puqq ` 1b 1b pu
and
ppIdb∆q ˝∆qppuq “ pIdb∆q
“
ppb 1q∆puq ` 1b pu
‰
“
ÿ
puq
pu1 b∆pu2q ` 1b∆ppuq
“ ppb 1b 1qpIdb∆q∆puq ` 1b pppb 1q∆puqq ` 1b 1b pu,
which coincide by induction hypothesis.
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‚ Case 3: w “ du
pp∆b Idq ˝∆qpduq “ p∆b Idq
“
pdb 1q∆puq ´ db u
‰
“
ÿ
puq
∆pdu1q b u2 “
ÿ
puq
“
pdb 1q∆pu1q b u2 ´ db u1 b u2
‰
“ pdb 1b 1qp∆b Idq∆puq ´ db∆puq
“ pdb 1b 1qpIdb∆q∆puq ´ db∆puq
“ pIdb∆q
“
pdb 1q∆puq ´ db u
‰
“ ppIdb∆q ˝∆qpduq.
We show ∆puqλ ∆pvq “ ∆puλ vq by induction on the sum of weights s “ wtpuq `wtpvq, the case s “ 1 being
trivial.
‚ Case 1: u “ yu1. Then we have:
∆pyu1λ vq “ ∆
`
ypu1 λ vq
˘
“ ∆pyq
`
1b pu1λ vq
˘
` py b 1q∆pu1λ vq ´ y b pu
1
λ vq
“ py b 1q∆pu1λ vq
“ py b 1qp∆pu1qλ ∆pvqq
“ ppy b 1q∆pu1qqλ ∆pvq
“ ∆pyu1qλ ∆pvq.
‚ Case 2: u “ du1 and v “ dv1. Two subcases occur: We compute:
∆pdu1 λ dv
1q “
1
λ
∆
`
dpu1 λ v
1q ´ du1 λ v
1 ´ u1λ dv
1
˘
“
1
λ
”
∆pdq
`
p1b pu1 λ v
1q
˘
` pdb 1q∆pu1 λ v
1q ´ db pu1λ v
1q
´∆pdu1qλ ∆pv
1q ´∆pu1qλ ∆pdv
1q
ı
“
1
λ
”
pdb 1qp∆pu1qλ ∆pv
1qq ´ db pu1λ v
1q
´
`
pdb 1q∆pu1q ´ db u1
˘
λ ∆pv
1q ´∆pu1qλ
`
pdb 1q∆pv1q ´ db v1
˘ı
“
1
λ
”
pdb 1q∆pu1qλ ∆pv
1q `∆pu1qλ pdb 1q∆pv
1q ` λpd b 1q∆pu1qλ pdb 1q∆pv
1q
´ db pu1 λ v
1q
´
`
pdb 1q∆pu1q ´ db u1
˘
λ ∆pv
1q ´∆pu1qλ
`
pdb 1q∆pv1q ´ db v1
˘ı
“
1
λ
“
pdb u1qλ ∆pv
1q `∆pu1qλ pdb v
1q ´ db pu1 λ v
1q
‰
` pdb 1q∆pu1qλ pdb 1q∆pv
1q.
On the other hand,
∆pdu1qλ ∆pdv
1q “
`
pdb 1q∆pu1q ´ db u1q
˘
λ
`
pdb 1q∆pv1q ´ db v1q
˘
“ pdb 1q∆pu1qλ pdb 1q∆pv
1q ´ pdb 1q∆pu1qλ pdb v
1q
´ pdb u1qλ pdb 1q∆pv
1q ` pdb u1qλ pdb v
1q.
16 K. EBRAHIMI-FARD, D. MANCHON, AND J. SINGER
In view of dλ d “ ´
1
λ
d and, more generally, dλ du “ ´
1
λ
dλ u for any u, we get:
∆pdu1 λ dv
1q ´∆pdu1qλ ∆pdv
1q
“ pdb u1qλ
` 1
λ
´ db 1q∆pv1q
˘
`
` 1
λ
´ db 1q∆pu1q
˘
λ pdb v
1q
“
ÿ
pv1q
p
1
λ
dλ v
1
1 ´ dλ dv
1
1q b pu
1
λ v
1
2q `
ÿ
pu1q
p
1
λ
dλ u
1
1 ´ dλ du
1
1q b pu
1
2λ v
1q
“ 0.
‚ Case 3: u “ pu1 and v “ pv1. We observe
∆ppu1qλ ∆ppv
1q “ ∆pppu1λ pv
1 ` pu1λ v
1 ` λu1 λ v
1qq
“ ppb 1q
“
∆pu1qλ ∆ppv
1q `∆ppu1qλ ∆pv
1q ` λ∆pu1qλ ∆pv
1q
‰
` p1b pqp1b pu1 λ pv
1 ` pu1λ v
1 ` λu1 λ v
1qq
“ ppb 1q
“
∆pu1qλ ppb 1q∆pv
1q `∆pu1qλ p1b pv
1q
` pppb 1q∆pu1qqλ ∆pv
1q ` p1b pu1qλ ∆pv
1q ` λ∆pu1qλ ∆pv
1q
‰
` 1b ppu1λ pv
1q
and
∆ppu1qλ ∆ppv
1q “ pppb 1q∆pu1q ` 1b pu1qλ pppb 1q∆pv
1q ` 1b pv1q
“ ppb 1q∆pu1qλ ppb 1q∆pv
1q ` 1b ppu1λ pv
1q
` ppb 1q
“
∆pu1qλ p1b pv
1q ` p1b pu1qλ ∆pv
1q
‰
“ ppb 1q
“
∆pu1qλ ppb 1q∆pv
1q ` ppb 1q∆pu1qλ ∆pv
1q ` λ∆pu1qλ ∆pv
1q
‰
` ppb 1q
“
∆pu1qλ p1b pv
1q ` p1b pu1qλ ∆pv
1q
‰
` 1b ppu1 λ pv
1q
‚ Case 4: u “ du1 and v “ pv1. We obtain
∆pdu1 λ pv
1q “ ∆pdpu1 λ pv
1q ´ u1λ v
1 ´ λdu1 λ v
1q
“ pdb 1qp∆pu1qλ ∆ppv
1qq ´∆pu1qλ ∆pv
1q ´ λ∆pdu1qλ ∆pv
1q ´ db pu1 λ pv
1q
“ pdb 1qp∆pu1qλ ppb 1q∆pv
1qq ` pdb 1qp∆pu1qλ p1b pv
1qq
´∆pu1qλ ∆pv
1q ´ λ∆pdu1qλ ∆pv
1q ´ db pu1 λ pv
1q
“ pdb 1qp∆pu1qλ ppb 1q∆pv
1qq ` pdb 1qp∆pu1qλ p1b pv
1qq ´∆pu1qλ ∆pv
1q
´ λpdb 1q∆pu1qλ ∆pv
1q ` λpd b u1qλ ∆pv
1q ´ db pu1 λ pv
1q
and
∆pdu1qλ ∆ppv
1q “
“
pdb 1q∆pu1q ´ db u1
‰
λ
“
ppb 1q∆pv1q ` 1b pv1
‰
“ pdb 1q∆pu1qλ ppb 1q∆pv
1q ´ pdb 1q∆pu1qλ p1b pv
1q
´ pdb u1qλ ppb 1q∆pv
1q ´ db pu1 λ pv
1q
“ pdb 1qp∆pu1qλ ppb 1q∆pv
1qq ´∆pu1qλ ∆pv
1q ´ λpd b 1q∆pu1qλ ∆pv
1q
´ pdb 1qp∆pu1qλ p1b pv
1qq ´ pdb u1qλ ppb 1q∆pv
1q ´ db pu1 λ pv
1q.
Using pdb u1qλ ppb 1q∆pv
1q “ ´λpdb u1qλ ∆pv
1q we conclude the proof.

Let pH1,m
p´1q
˚ ,∆q be the quasi-shuffle Hopf algebra of weight ´1. Then H
0 is a left coideal of pH1,∆q and
Corollary 3.2 implies that H0 is a left coideal of pHp´1q,∆˝q.
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Theorem 6.3. Let pH1,m
p´1q
˚ ,∆q be the quasi-shuffle Hopf algebra of weight ´1. The coproduct map ∆˝,op restricted
to the left coideal H0 arising from the duality construction with respect to rτ , coincides with the coproduct ∆ restricted
to H0 defined by the infinitesimal bialgebra construction, i.e., the following diagram commutes:
H0
rτ

∆ // Hp´1q b H0
H0 b Hp´1q
s
OO
H0
∆ // H0 b H1
rτbrτ
OO
Proof. We prove the theorem by the length of the words. We have
∆˝,opppq “ sprτ b rτ q∆rτ ppq “ sprτ b rτ q∆pyq
“ sprτ b rτ qp1b y ` y b 1q “ 1b p` pb 1
“ ∆ppq.
In the inductive step we distinguish two cases.
‚ First case: w1 “ pw where w starts with a p. We observe
∆ppwq “ ppb 1q∆pwq `∆ppqp1b wq ´ pb w
“ ppb 1q∆˝,oppwq ` 1b pw
“ ppb 1qsprτ b rτ q∆prτ pwqq ` 1b pw
“ sprτ b rτq r∆prτ pwqqp1 b yq ` rτppwq b 1s
“ sprτ b rτq∆prτ ppwqq
“ ∆˝,opppwq.
‚ Second case: w1 “ pw˜ where w˜ “ ykw (k P N) and w starts with p or is the empty word.
∆ppykwq “ ppyk b 1q∆pwq `∆ppykqp1b wq ´ pyk b w
“ ppyk b 1q∆˝,oppwq ` 1b py
kw
“ ppyk b 1qsprτ b rτ q∆prτ pwqq ` 1b pykw
“ sprτ b rτ q “∆prτ pwqqp1 b pkyq ` rτ ppykwq b 1‰
“ sprτ b rτ q∆prτ ppykwqq
“ ∆˝,opppy
kwq,
using the fact that ∆ppykq “ 1b pyk ` pyk b 1 (k P N) which is easily verified by induction.

6.2. The Schlesinger–Zudilin q-multiple zeta star vales. As we have shown in Theorem 5.12, the quasi-shuffle
Hopf algebra of weight ´1, which corresponds to the quasi-shuffle product of Schlesinger–Zudilin q-MZSVs, induces
a shuffle product for the OOZ-model. In this section we show that we can do the reverse, i.e., we can use the
quasi-shuffle-like product of the OOZ-model to define a shuffle product for Schlesinger–Zudilin q-MZSVs.
In the first step, following [5], we introduce the quasi-shuffle product of the OOZ-model. We define the operator
T : H0 Ñ H1 by
T pzmwq :“ zmw ´ zm´1w
for any w P H0 and m P N. Then we define the product mOOZ˚ : H
0 b H0 Ñ H0, mOOZ˚ pu b vq “: u ˚OOZ v, by
(QS1) 1 ˚OOZ w :“ w ˚OOZ 1 :“ w;
(QS2) zmu ˚OOZ znv :“ zmpu ˚1 T pznvqq ` znpT pzmuq ˚1 vq ` pzm`n ´ zm`n´1qpu ˚1 vq
for any w P H0, u, v P H1 and m,n P N, where ˚1 was defined in Subsection 5.1.
Proposition 6.4 ([5]). The map ζOOZ : pH0,mOOZ˚ q Ñ Qrrqss is a character.
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Following [18] we review the shuffle product of classical multiple zeta star values. The shuffle product‹ : Qxx0, x1yb
Qxx0, x1y Ñ Qxx0, x1y is defined iteratively by
(i) 1‹ u “ u‹ 1 “ u
(ii) au‹ bv “ apu‹ bvq ` bpau‹ vq ´ δpuqτpaqbv ´ δpvqτpbqau
for any words u, v P tx0, x1u
˚ and letters a, b P tx0, x1u, where δ is defined by
δpwq :“
#
1 w “ 1,
0 otherwise.
We apply Proposition 3.1 to the algebra pH0,mOOZ˚ q because for the coalgebra structure we have to go over to the
completion of H0 since the map T is not bijective.
We have the following result:
Theorem 6.5. The product mOOZ
˝
: H0 b H0 Ñ H0 induced by Proposition 3.1 defines a shuffle product for the
Schlesinger–Zudilin q-MZSVs, which coincides with ‹ modulo terms of lower weight.
Proof of Theorem 6.5. We perform two steps. First we need an alternative description of the shuffle product ‹ in
terms of :
Lemma 6.6. The shuffle product ‹ : Qxx0, x1y bQxx0, x1y Ñ Qxx0, x1y can be calculated in terms of the ordinary
shuffle product  via the formula
ua‹ vb “ ua vb´ pu vτpbqqa ´ puτpaq vqb.
Proof. We define ua ˜ vb :“ ua vb´ pu vτpbqqa´ puτpaq vqb and prove that ua ˜ vb “ ua‹ vb by induction
over the sum of the weights of ua and vb. For the base case we observe
y‹ y “ 2y
2 ´ 2xy “ y ˜ y,
y‹ x “ yx` xy ´ x
2 ´ y2 “ y ˜x,
x‹ x “ 2x
2 ´ 2yx “ x ˜x.
For the inductive step we have to consider two cases: In the first case we obtain
a1ua2‹ b “ a1pua2 ‹ bq ` ba1ua2 ´ τpbqa1ua2
“ a1pua2  bq ´ a1pu τpbqqa2 ´ a1uτpa2qb ` ba1ua2 ´ τpbqa1ua2
“ a1ua2 b´ ra1pu τpbqq ` τpbqa1usa2 ´ a1uτpa2qb
“ a1ua2 b´ pa1u ˜ τpbqqa2 ´ a1uτpa2qb.
Secondly, we observe that
a1ua2‹ b1ub2 “ a1pua2‹ b1ub2q ` b1pa1ua2‹ ub2q
´ δpua2qτpa1qb1vb2 ´ δpvb2qτpv1qa1ua2
“ a1pua2‹ b1ub2q ` b1pa1ua2‹ ub2q
“ a1pua2 b1v1b2q ´ a1pu b1vτpb2qqa2 ´ a1puτpa2q b1vqb2
` b1pa1ua2  vb2q ´ b1pa1u vτpb2qqa2 ´ b1pa1uτpa2q vqb2
“ a1ua2 b1v1b2 ´ ra1puτpa2q b1vq ` b1pa1uτpa2q vqs b2
´ ra1pu b1vτpb2qq ` b1pa1u vτpb2qqs a2
“ a1ua2 b1v1b2 ´ pa1uτpa2q b1vqb2 ´ pa1u b1vτpb2qqa2
“ a1ua2 ˜ b1v1b2,
which concludes the proof. 
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Now an explicit calculation shows that
upayb ˝OOZ vp
cyd
“ rτ `zbza´10 rτ puq ˚OOZ zdzc´10 rτ pvq˘
“ rτ `zbza´10 rτ puq ˚1 zdzc´10 rτ pvq ´ zbpza´10 rτ puq ˚1 zd´1zc´10 rτpvqq
´ zdpzb´1z
a´1
0 rτ puq ˚1 zc´10 rτpvqq ´ zb`d´1pza´10 rτ puq ˚1 zc´10 rτpvqq˘
“ upayb ˝1 vp
cyd ´
`
upa´1 ˝1 vp
cyd´1
˘
pyb ´
`
upayb´1 ˝1 vp
c´1
˘
pyd ´
`
upa´1 ˝1 vp
c´1
˘
pyb`d´1.
By Theorem 5.4 the product ˝1 coincides with1 which is the same as modulo lower weight terms. This concludes
the proof. 
If we compare the definition of ‹ and Lemma 6.6 we see that the product ‹ can be calculated in terms of ‹
itself or in terms of the ordinary shuffle product . Duality implies that this fact is also true for the quasi-shuffle
product of the OOZ-model.
Theorem 6.7. Let Y :“ tzk : k P Zu. The quasi-shuffle-like product ˚OOZ : QxY y b QxY y Ñ QxY y is given by
1 ˚OOZ w “ w ˚OOZ 1 “ w and
uzm ˚OOZ vzn “ pu ˚OOZ vznqzm ` puzm ˚OOZ vqzn ` pu ˚OOZ vqzn`m ´ δpvquzmzn´1
´ δpuqvznzm´1 ´ δpvquzn`m´1 ´ δpuqvzn`m´1 ` δpuqδpvqzn`m´1.
Proof. We define
uzm˜˚vzn :“ pu ˚OOZ vznqzm ` puzm ˚OOZ vqzn ` pu ˚OOZ vqzn`m ´ δpvquzmzn´1
´ δpuqvznzm´1 ´ δpvquzn`m´1 ´ δpuqvzn`m´1 ` δpuqδpvqzn`m´1
and prove w˜˚w1 “ w ˚OOZ w
1 by induction on the sum of the length of w and w1. The length one case is trivial. For
length two we observe
zm˜˚zn “ zmzn ` znzm ` zn`m ´ zmzn´1 ´ znzm´1 ´ zn`m´1 “ zm ˚OOZ zn.
Now we consider two cases. First of all, we have
za1uza2 ˜˚zb “ pza1u˜˚zbqza2 ` za1uza2zb ` za1uza2`b ´ za1uza2zb´1 ´ za1uza2`b´1
“ za1pu ˚1 zbqza2 ` zbza1uza2 ` za1`bza2
´ za1pu ˚1 zb´1qza2 ´ zbza1´1uza2 ´ za1`b´1uza2
` za1uza2zb ` za1uza2`b ´ za1uza2zb´1 ´ za1uza2`b´1
“ za1puza2 ˚1 zbq ` zbza1uza2 ` za1`buza2
´ za1puza2 ˚1 zb´1q ´ zbza1´1uza2 ´ za1`b´1uza2
“ za1uza2 ˚OOZ zb.
Furthermore we observe
za1uza2 ˜˚zb1vzb2 “ pza1u˜˚zb1uzb2qza2 ` pza1uza2 ˜˚zb1vqzb2 ` pza1u˜˚zb1vqzza2`b2
“ za1pu ˚1 zb1vzb2qza2 ` zb1pza1u ˚1 vzb1qza2 ` za1`b1pu ˚1 vzb2qza2
´ za1pu ˚1 zb1´1vzb2qza2 ´ zb1pza1´1u ˚1 vzb1qza2 ´ za1`b1´1pu ˚1 vzb2qza2
` za1puza2 ˚1 zb1vqzb2 ` zb1pza1uza2 ˚1 vqzb2 ` za1`b1puza1 ˚1 vqzb2
´ za1puza2 ˚1 zb1´1vqzb2 ´ zb1pza1´1uza2 ˚1 vqzb2 ´ za1`b1´1puza1 ˚1 vqzb2
` za1pu ˚1 zb1vqza2`b2 ` zb1pza1u ˚1 vqza2`b2 ` za1`b1pu ˚ vqza2`b2
´ za1pu ˚1 zb1´1vqza2`b2 ´ zb1pza1´1u ˚1 vqza2`b2 ´ za1`b1´1pu ˚ vqza2`b2
“ za1puza2 ˚1 zb1vzb2q ` zb1pza1uza2 ˚1 vzb2q ` za1`b1puza2 ˚1 vzb2q
´ za1puza2 ˚1 zb1´1vzb2q ´ zb1pza1´1uza2 ˚1 vzb2q ´ za1`b1´1puza2 ˚1 vzb2q
“ za1uza2 ˚OOZ zb1vzb2 ,
which concludes the proof. 
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